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The ultimate performance of a storage-ring free-electron laser in terms of light stability and extracted power
depends on the possibility of simultaneously controlling the electron-beam and laser dynamics. As a prelimi-
nary requirement, the level of longitudinal and transverse electron-beam stability must be high enough to
guarantee the laser start-up and growth. This is usually obtained by means of dedicated feedback systems.
Once such a requirement is satisfied, the possibility of establishing and maintaining a continuous-wave opera-
tion mode finally resides in a deep understanding of the strongly coupled laser-electrons dynamics. For this
purpose, we have developed a simple theoretical model which has been proved to be able to provide insight
into the evolution of the laser intensity. In this framework, we have also proposed the possibility of utilizing a
derivative closed-loop feedback to create or enlarge the region of stable signal. A feedback of this type has
been implemented on the Elettra storage-ring free-electron laser. The obtained results, which fully confirm our
predictions, are discussed in this paper.
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I. INTRODUCTION

Instabilities of different nature may affect the dynamics of
electron beams circulating in a storage ring �SR� �1,2�, and
cause severe limitation in the performance of devices dedi-
cated to exploitation of synchrotron radiation or to free-
electron laser �FEL� operation. The origin of such instabili-
ties can be traced back either to the electromagnetic wake
field which, generated by the interaction between the elec-
tron beam and its environment �e.g., vacuum pipe, low-gap
chambers, discontinuities, etc.�, reacts on electrons disturb-
ing their motion, or to external perturbations �e.g., line-
induced modulations, mechanical vibrations, etc.�.

When the current circulating into the ring is distributed in
a few bunches, and the wake field induced by a given bunch
is strong and persistent enough to act on the successive ones,
a coherent oscillation of the beam dimensions �at frequencies
of the order of tens of kilohertz� may develop �see, e.g., Ref.
�3��. In this case, the beam can be stabilized by means of a
feedback system which treats each bunch as an independent
oscillator and applies a correcting kick through a dedicated
magnet �4�. In other cases, the effect of the wake field is less
“dramatic” and simply manifests in a smooth increase of the
beam dimensions with the current circulating into the ring
�1�. As for external perturbations, the induced instabilities
are generally characterized by low frequencies �tens to a few
hundred hertz� and may manifest in different ways, e.g., as a
kick or as a continuous modulations �5�. The origin of these
perturbations is often difficult to determine and, as a conse-
quence, remedies are difficult to find.

In the case of the Elettra storage ring, both a multibunch
and a local orbit feedback �4,6,7� are currently implemented.
The role of the latter is to apply a closed bump compensation
�at a given location of the storage ring� of the slow orbit
drifts and low-frequency components affecting the transverse
electron-beam dynamics. The combined action of the two

systems is strengthened by the relatively high energy
�2–2.4 GeV� at which the storage ring is normally operated:
the higher the energy the more effective are the “natural”
instabilities damping mechanisms due to synchrotron emis-
sion. This is generally enough to guarantee a satisfactory
electron-beam �and, thus, light-source� stability for most us-
ers’ experiment �8�. However, as will be made clear in the
following, such a good level of stability is not sufficient to
assure a stable and reproducible operation of the Elettra
SRFEL.

In a SRFEL �whose schematic layout is shown in Fig. 1�,
the light emitted by electrons when passing through the
�static and periodic� magnetic field generated by an optical
klystron1 �30� is stored in an optical cavity and amplified
during successive interactions with the electron beam. The
amplification is obtained to the detriment of the electron-
beam energy, whose spread increases with the growth of the
intracavity power. The heating of the electron bunch due to
the laser onset leads to the reduction of the amplification
gain until the latter reaches the level of the cavity losses
�laser saturation�. The electron-beam energy is recovered,
turn-by-turn, by means of a device, called radio frequency
�see Fig. 1�, which supplies to electrons the energy they lose
due to synchrotron and FEL radiation. Such a device also
allows slight modification of the beam revolution period.

Since it originates from the synchrotron radiation, the la-
ser temporal structure is naturally characterized by a train of
micropulses �whose duration is of the order of tens of pico-
seconds� separated by the interbunch temporal distance �hun-
dred of nanoseconds�. On a larger �millisecond� temporal
scale, the FEL dynamics depends strongly on the longitudi-
nal overlap between the electron bunch�es� and the laser
pulses at each pass inside the interaction region. A given
temporal detuning, i.e., a difference between the electron-
beam revolution period and the photon’s round trip inside the
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optical cavity, leads to a cumulative delay between the elec-
trons and the laser pulses. The laser-electron detuning can be
experimentally controlled either modifying the electron-
beam revolution period �through a variation of the radio-
frequency phase� or by changing the distance between the
mirrors of the optical cavity. Due to a better sensitivity, the
former method is generally preferred. In the ideal conditions,
i.e., with a perfectly stable electron beam, the laser intensity
may then appear “continuous wave” �“cw”� for a weak or
strong detuning, or show a pulsed behavior for an interme-
diate detuning amount �10,11�. The central cw zone of the
detuning curve is interesting for user applications: in this
zone, the laser is indeed characterized by a regular train of
micropulses and by the maximum average power; moreover,
the signal is the closest to the Fourier limit �12�. However,
the “ideal” behavior, namely the existence of a stable regime
around the perfect tuning, is difficult to obtain. The reason
for that is twofold. First, the natural extension of the central
cw zone is generally very narrow: a detuning of a few fem-
toseconds is indeed enough for inducing a sharp transition to
the pulsed behavior. Moreover, the laser evolution inside the
optical cavity is particularly sensitive to any electron-beam
instability.

If the electron beam is stable enough for the cw region to
be observed, the perfect tuning condition can be maintained
by means of dedicated feedback systems which periodically
modify the beam revolution period to keep the laser-electron
synchronism. This strategy, successfully adopted for the Su-
per ACO and UVSOR SRFELs �13,14�, cannot be imple-
mented when, as in the case of Elettra, the electron-beam
instabilities prevent the laser intensity from reaching the
stable behavior, even close to the perfect synchronism �15�.
In this respect, it is worth stressing that the increased sensi-
tivity to beam instabilities showed by Elettra is mainly due to
its higher gain and larger damping time �which also means
higher “reactivity”� with respect to SRFELs of previous gen-
eration.

The possibility of further improving the performance of a
“high gain” SRFEL resides in a deeper understanding of the
mechanisms through which the system may lose its stability.
This includes both the natural transition to the pulsed regime
when increasing the laser-electron temporal detuning, and
the destabilization, which may combine with a concurrent
detuning, due to external electron-beam perturbations. As for
the former point, a careful study has been recently carried
out �16,17�, which allowed us to provide explicit expressions
for the asymptotic values of the main statistical parameters

of the laser distribution as a function of the detuning amount.
Moreover, the transition between stable and unstable regimes
has been characterized as a Hopf bifurcation. On the basis of
these results, we suggested the use of a derivative closed-
loop feedback to delay the bifurcation, hence enlarging the
region of stable signal. Further numerical studies, which will
be presented in this paper, showed that a derivative feedback
is also effective in counteracting external instabilities. A
feedback of this type has been implemented on the Elettra
SRFEL and shown to be able to induce a �quasi�- cw behav-
ior of the laser intensity. This is in excellent agreement with
theoretical predictions. The paper is organized as follows. In
Sec. II we report the characteristics of the Elettra SRFEL
when operated in the “natural” regime. After having briefly
recalled, in Sec. III, the theoretical framework which can be
used to gain insight into the evolution of the system, in Sec.
IV we show that the observed unstable behavior of the laser
intensity can be reproduced numerically by means of suitable
modulation on the laser-electron detuning. Then, we demon-
strate the stabilizing effect of the derivative feedback. Fi-
nally, Sec. V is devoted to drawing conclusions and perspec-
tives.

II. THE NATURAL REGIME OF THE ELETTRA SRFEL

Thanks to the combination of high-quality electron beam
�i.e., low emittance, short bunch length� �18�, adjustable un-
dulator parameters �19�, and robustness of the high-
reflectivity mirrors of its optical cavity �20�, the European
SRFEL at Elettra can be operated in the large electron-beam
energy range from 0.75 to 1.5 GeV �the latter being the
highest energy used so far for a SRFEL�. This flexibility
allowed extension of the accessible spectral range down to
the VUV �21� and improvement of the FEL compatibility
with other synchrotron radiation users interested in a few
bunching filling of the storage ring �22�.

However, as already mentioned, the quality of the
electron-beam limits the source performance. Figure 2 shows
a comparison between the behavior of the macro-temporal
laser intensity as a function of the laser-electron detuning for
the Elettra and Super-ACO �23� SRFELs. In the case of Su-
per ACO, the laser dynamics is not significantly affected by
the electron-beam instabilities: the intensity curve shows
three cw and two pulsed zones, depending on the detuning.
The pulsed regime is characterized by a single natural fre-
quency which lies between 300 and 400 Hz and whose exact
value is a function of the detuning �24�. On the contrary, the

FIG. 1. Schematic layout of a
storage-ring free-electron laser.
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Elettra laser intensity is irregularly pulsed over the whole
detuning region. A typical example of such irregular behav-
ior is shown in Fig. 3�a�. The analysis of the spectrum,
shown in Fig. 3�b�, brings into evidence the strong influence
of electron-beam instabilities on the laser dynamics. The
noisy behavior is characterized by four strong harmonics.
The two peaks at 300 and 350 Hz are probably induced by
the natural laser response to detuning, as in the case of Super
ACO. The fact that two different frequencies are observed
may reflect a variation of the detuning during the period of
signal acquisition �i.e., 100 ms�. This scenario is supported
by the presence of the two peaks at at 50 and 100 Hz. This
low-frequency perturbation is systematically observed and
can be directly related to the dynamics of the electron beam.
Figure 4�a� shows a streak camera image of the electron
beam in absence of FEL oscillation. A regular modulation at
100 Hz is displayed. In fact, the oscillation of the electron-
beam centroid position �see Fig. 4�b�� induces analogous os-
cillations of the laser-electron detuning. The resulting pertur-
bation on the laser dynamics is generally strong enough to
switch it off periodically, even close to the perfect synchro-
nism. Sometimes, the laser intensity shows a more complex

behavior, as displayed in Fig. 5. As will be shown in the next
section, a modulation �of suitable amplitude and frequency�
of the laser-electron detuning may be at the origin of the
broadband spectrum of Fig. 5�b�.

As already mentioned in the Introduction, a multibunch-
and a local orbit feedback are currently used at Elettra for
improving the electron-beam stability. When these systems
are operational, a beneficial effect has been observed on both
the transverse and longitudinal electron-beam dynamics �8�.
However, we did not notice, at the same time, any significant
benefits for the laser stability with respect to the operation
without feedback. In fact, as will be made clear in the fol-
lowing, the level of electron-beam stability necessary to
achieve a noticeable improvement of the laser signal is be-
yond the possibility of the feedback devices currently avail-
able. A new strategy to further increase the stability of the
machine has been recently proposed, as a result of a deep
theoretical investigation of the system dynamics. The study
is based on the model that will be discussed in the next
section.

III. THE MODEL

To model the longitudinal dynamics of the laser in the
optical cavity, we use a system of three rate equations de-
scribing the coupled evolution of the electromagnetic field
and the electron beam �25�. At each passage, the laser inten-
sity profile, In���, is modified according to

In+1��� = R2In�� − ���1 + gn���� + is��� , �1�

where � is the temporal position with respect to the centroid
of the electron bunch distribution; R��1� is the reflectivity
of the optical cavity mirrors; � is the detuning parameter, i.e.,
the difference between the period of the photons inside the
cavity and the electron revolution period �divided by the
numbers of bunches�; is��� accounts for the profile of the
spontaneous emission of the optical klystron. The gain gn���
is given by

gn��� = gi
�0

�n
exp�−

�n
2 − �0

2

2�0
2 �exp�−

�2

2��,n
� , �2�

where gi and �0 are the initial �laser-off� peak gain and beam
energy spread; �n and ��,n are the energy spread and bunch
length after the nth interaction. The first exponential in the
right-hand side of Eq. �2� accounts for the modulation rate of
the optical-klystron spectrum, while the second one repro-
duces the temporal profile of the electron bunch distribution

FIG. 2. Typical detuning
curves �i.e., laser intensity as a
function of detuning amount� ob-
tained for the case of the Super-
ACO �a� and Elettra �b� SRFELs.

FIG. 3. �a� Typical temporal behavior of the Elettra FEL inten-
sity close to the perfect laser-electron synchronism; �b� Fourier
analysis of the signal shown in �a�.
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�assumed to be Gaussian�. The equation that governs the
evolution of the laser-induced energy spread is

�n+1
2 = �n

2 +
2�T

�s
��In + �0

2 − �n
2� , �3�

where �=�e
2−�0

2. Here, �e is the equilibrium value �i.e., that
reached at the laser saturation� of the energy spread at the
perfect tuning and In=�−�

� In���d� is the laser intensity nor-
malized to its equilibrium value �i.e., the saturation value for
�=0�; �T is the revolution period of the electrons in the ring
�divided by the number of bunches�; and �s is the synchro-
tron damping time.

Despite the simplicity, results obtained with this model
show a remarkable agreement with experiments. In particu-
lar, a quantitative agreement has been found between the
theoretical and the experimental detuning curve �see Fig. 2�
for the case of Super ACO �24�. As pointed out in the previ-
ous section, the experimental detuning curve for Elettra does
not present the central cw zone. In fact, using the parameters

listed in Table I, the predicted width of the cw region is about
0.2 fs �±0.1 fs� around the perfect tuning.

This value is smaller than the finer tuning experimentally
accessible to adjust the laser-electron synchronism. As a con-
sequence, the stable regime is difficult to attain. Moreover, as
will be shown in the following, a small perturbation of the
detuning parameter �of the order of the width of the stable
region� is enough for driving the system unstable even at the
perfect tuning.

IV. STABILIZATION OF THE ELETTRA FEL

As already pointed out, the electron beam is subject to
perturbations at low frequency �normally 50 and 100 Hz�.
This reflects in a modulation of the laser-electron detuning.
In order to model this instability, we added the following
equation to the system �1�–�3�:

�n = �0 + A sin�2	f�Tn� , �4�

where f is the frequency of the modulation, A its amplitude,
and �0 its mean value. An equation of this type has been used
to demonstrate that a SRFEL may be driven to deterministic
chaos through a cascade of bifurcations �26,27�.

Figure 6 shows numerical results assuming f =50 Hz and
�0=0 �oscillations around the perfect tuning� and different
values of the amplitude A. The output signal is slightly
modulated at the frequency f for values of A such that the
system is maintained well inside the cw region. When A
increases, the modulation amplitude increases. This happens
until, for a given value of A close to the detuning threshold
�A�0.18 fs in the case of the figure�, there is a sharp tran-

FIG. 4. �a� Streak camera image of the elec-
tron beam circulating in the Elettra storage ring
�energy: 0.9 GeV, beam current: 0.5 mA�. Along
the vertical axis one can follow the evolution in
time of the temporal beam distribution, while a
horizontal cut provides the beam distribution pro-
file. �b� Evolution of the position of the beam
centroid as obtained by the analysis of �a�.

FIG. 5. �a� Typical temporal behavior of the Elettra FEL inten-
sity close to the perfect laser-electron synchronism; �b� Fourier
analysis of the signal shown in �a�.

TABLE I. Characteristics of the ELETTRA SRFEL for the nu-
merical and experimental setting considered in this paper.

Elettra

Beam energy �MeV� 900

�s �ms� 86

�0 1.12
10−3

I �mA� �in four bunches� 15

�e /�0 �1.3

Laser wavelength �nm� 250

gi �%� 15

R �%� �96

� T �ns� 216

is �4.3
10−7
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sition and the laser becomes pulsed. As anticipated, this
shows that even a very small perturbation may destroy the
continuous regime.

The modulation at 50 Hz of the laser-electron detuning
allows us to reproduce qualitatively the observed laser inten-
sity. This is for instance shown in Fig. 7, which refers to
�0=0.05 fs and A=0.18 fs. As in the experimental picture
�see Fig. 3�, the output signal is irregularly pulsed and the
spectrum shows two peaks at 50 and 100 Hz as well as a
double peak inside the natural response region. Note that in
this case the modulation at 100 Hz is simply a harmonic of
the one at 50 Hz. However, this is not always the case: some-
times the modulation at 100 Hz may manifest independently
�see, e.g., Fig. 4� and/or in combination with the one at
50 Hz. Figure 8 shows the numerical result obtained when
using a double-frequency modulation of the detuning

�n = �0 + A1 sin�2	f1�Tn� + A2 sin�2	f2�Tn� , �5�

with f1=50 Hz, f2=100 Hz, and different sets of A1 and A2.
The output signal and the spectral content are very close to
the ones shown in Fig. 5.

In Ref. �16�, a simplified formulation of system �1�–�3�
was introduced and solved analytically. This allowed us to
derive closed expressions for the main statistical parameters
of the system �i.e., beam energy spread, intensity, centroid
position, and rms value of the laser distribution� as a function
of the detuning. Moreover, the transition between the “cw”
and the pulsed regimes has been shown to be a Hopf bifur-
cation. This opened up the perspective of enlarging the stable
region using a closed-loop derivative feedback �28�. The ex-
perimental procedure, sketched in Fig. 9, is as follows. A
signal proportional to the FEL output power �produced, e.g.,
by the response of a photodiode� is sent to the stabilization
system, made of a simple device to obtain the signal deriva-
tive, followed by an inverting amplifier with a variable gain.
The obtained output is then used to modify the electron-
beam revolution period �via the modification of the radio
frequency�, i.e., the value of the detuning �. From a theoret-
ical point of view, the detuning � is replaced with the time-
dependent quantity

FIG. 6. Numerical results obtained with a
modulation of the detuning parameter according
to Eq. �4� with f =50, �0=0, and different values
of the amplitude A.

FIG. 7. Intensity and fast Fourier transform
obtained combining Eqs. �1�–�4� with �0

=0.05 fs and A=0.18 fs. Numerical results to be
compared with the experimental ones shown in
Fig. 3.
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�n = �0̂ + ��In − In−1� , �6�

where �̂0 is larger than the threshold value, �c, above which
the system becomes unstable and ��0. When the control is
switched off, i.e., �=0, the laser is therefore unstable and
displays periodic oscillations. For � larger than a certain
threshold, �c, the oscillations are damped and the laser be-
haves as if it was in the cw region. This procedure has been
succesfully applied to extend the stable region of the Super-
ACO FEL �29�. As will be immediately clear, the combina-
tion of Eqs. �4� and �6� gives a recipe for stabilizing the
output signal of the Elettra FEL. In other words, we are
going to show that the derivative feedback is effective also
when, as in the case of Elettra, the cw region is “masked” by
low-frequency instabilities perturbing the electron-beam dy-
namics.

According to Eq. �6�, the detuning change driven by the
derivative feedback tends to counteract any variation of the
laser intensity. In fact, when the intensity grows �i.e., In
 In−1� the system responds, increasing the detuning. This
pushes the laser pulse towards the tail of the electron beam
distribution causing the gain and, thus, the intensity to de-
crease �see Eq. �2��. When In� In−1, vice versa: the detuning
is reduced, the gain becomes larger, and the intensity tends to

grow. Hence, the feedback acts in general against any modu-
lation of the laser intensity, regardless of its intrinsic dynami-
cal origin.

On the basis of the above, one can infer that replacing the
detuning � in Eq. �1� with the quantity

�n = �0 + A sin�2	f�Tn� + ��In − In−1� , �7�

allows one to account, at the same time, for the detuning
offset �which may “naturally” drive the system unstable if
�0�c�, the electron-beam instability, and the control of the
two previous effects.

A feedback of the type described above has been imple-
mented on the Elettra SRFEL. Results, shown in Figs. 10 and
11 for different initial detuning conditions, confirm the the-
oretical predictions: the derivative feedback is able to invert
the Hopf bifurcation and, at the same time, to counteract the
effect of the time-dependent detuning due to the electron-
beam instability. The residual oscillations superposed to the
almost cw regime are directly related to the limited gain

FIG. 8. Intensity obtained with a modulation
of the detuning parameter according to Eq. �5�. In
this case �0=0.05 fs, A1=0.14 fs, and A2=0.1 fs.

FIG. 9. Schematic layout of the closed-loop derivative feedback:
the laser light generated by the SRFEL is acquired by means of a
photodiode �PD�. The resulting signal is sent to the stabilization
system, made of a simple device to obtain the signal derivative,
followed by an inverting amplifier with a variable gain. The ob-
tained output is then used to modify the electron-beam revolution
period �via the modification of the radio frequency, rf�, i.e., the
value of the detuning �.

FIG. 10. �a� Temporal behavior of the Elettra FEL intensity
without �left part� and with �right part� derivative feedback. �b�
Fourier analysis of the signal shown in the left part of �a�. �c�
Fourier analysis of the signal shown in the right part of �a�. FEL
operated close to the perfect laser-electron synchronism.
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bandwidth of the inverting amplifier. In fact, the gain, related
to the factor � in Eq. �7�, cannot exceed a given value. Be-
yond this critical threshold a change in sign for � occurs and
the feedback tends to increase the difference between In and
In+1, thus amplifying the instability. These considerations
suggest a criterion for choosing the initial detuning �0 so as
to optimize the control effectiveness: the offset has to be
small enough to maintain the system well inside the detuning
curve �see Fig. 2�, but, at the same time, so large as to guar-
antee a wide gain bandwidth. This tradeoff guided the choice
of �0 in the case of Fig. 11, allowing us to attain a better final
stability with respect to the �almost zero offset� situation dis-
played in Fig. 10. A further increase of the feedback gain
would have led, in both cases, to the inversion of the detun-
ing sign and, thus, to the instability amplification.

Numerical results obtained by complementing Eqs.
�1�–�3� with �7� are in good agreement with experiments.
Figures 12�a� and 12�b� refer to different values of �: for �
small, as in Fig. 12�a�, the induced cw regime remains quite
noisy. For larger values of � �see Fig. 12�b�� the fluctuations
are strongly reduced. The situation displayed in Fig. 12�b�
corresponds, as in the case of Figs. 10 and 11, to the maxi-
mum gain before inversion of the detuning sign. In fact, this
limitation can, in principle, be overcome by changing the
sign of � according to that of the detuning. This would allow
a further increase of the feedback gain and, as a conse-
quence, a noticeable improvement of the final stability. Such
a strategy has been adopted to get the numerical result shown
in Fig. 12�c�.

In the aim of testing the robustness of the control tech-
nique, the instability perturbing the laser dynamics has been
modeled, changing the shape of the modulating function. For
instance, square waves with different rise times have been

considered. Also in this case, which relates to one of the
possible experimental scenarios, the laser intensity may be
stabilized by means of a proper choice of the parameter �.

V. CONCLUSIONS AND PERSPECTIVES

The analysis carried out in the first part of this paper
allowed us to shed light on the possible mechanisms respon-
sible for the unstable dynamics of the Elettra SRFEL. In
particular, within the framework of the theoretical model de-
veloped in Refs. �16,17�, it was shown that the macro-
temporal dynamics of the FEL is highly affected by low-
frequency perturbations of the light-electron synchronism.
Based on the same model, a control strategy exploiting a
closed-loop derivative feedback has been defined in the sec-
ond part of the paper. The successful implementation of the
feedback system made it possible to induce an almost cw
regime of the laser intensity.

In order to further improve the FEL stability, we plan to
upgrade the feedback system by combining the derivative
signal with a signal proportional to the output power. Pre-
liminary results have shown that such a combination may
lead to a noticeable reduction of the intensity fluctuations.
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FIG. 11. �a� Temporal behavior of the Elettra FEL intensity
without �left part� and with �right part� derivative feedback. �b�
Fourier analysis of the signal shown in the left part of �a�. �c�
Fourier analysis of the signal shown in the right part of �a�. FEL
operated with a detuning of a few femtoseconds.

FIG. 12. Numerical behavior of the laser intensity as obtained
complementing Eqs. �1�–�3� with �7� �considering a two-frequency
modulation�. The following parameters have been used: �0�c,
A1=A2=0.2 fs, f1=50 Hz, f2=100 Hz; �=0 �left part of the pic-
ture� and �=5
10−3 �a�, �=3
10−1 �b�, �=10 �c� �right part of
the picture�.
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